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GENERATION OF JETS AND FUJITA’S JET AMPLENESS CONJECTURE
ON TORIC VARIETIES
JOSE´ LUIS GONZA´LEZ AND ZHIXIAN ZHU
Abstract. Jet ampleness of line bundles generalizes very ampleness by requiring the existence of
enough global sections to separate not just points and tangent vectors, but also their higher order
analogues called jets. We give sharp bounds guaranteeing that a line bundle on a projective toric
variety is k-jet ample in terms of its intersection numbers with the invariant curves, in terms of
the lattice lengths of the edges of its polytope and in terms of the higher concavity of its piecewise
linear function. For example, the tensor power k + n − 2 of an ample line bundle on a projective
toric variety of dimension n ≥ 2 always generates all k-jets, but might not generate all (k+1)-jets.
As an application, we prove the k-jet generalizations of Fujita’s conjectures on toric varieties with
arbitrary singularities.
1. introduction
In this article we study jet ampleness of line bundles on projective toric varieties with arbitrary
singularities. Jet ampleness was introduced by Beltrametti, Francia and Sommese in [BFS89] as
a property of those line bundles that intuitively yield higher order embeddings. Jet ampleness
requires that the line bundle has enough global sections to separate not just points and tangent
vectors, but also their higher order analogues called jets. More precisely, a line bundle L on a
projective variety X is said to be k-jet ample, if the evaluation map
H0(X,L)→ H0(X,L ⊗OX/(m
k1
x1
⊗mk2x2 ⊗ · · · ⊗m
kr
xr)) (1)
is surjective, for any set {x1, x2, . . . , xr} of distinct closed points of X, and any positive integers
k1, . . . , kr such that
∑r
i=1 ki = k + 1. In this definition, k can be any nonnegative integer and
the mxi denote the ideal sheaves of the points xi. For example, 0-jet ampleness is equivalent to
global generation and 1-jet ampleness is equivalent to very ampleness. From the definition, one
can see that if L1 is a k1-jet ample line bundle and L2 is a k2-jet ample line bundle then L1 ⊗ L2
is (k1 + k2)-jet ample (see [BS93, Lemma 2.2]). In particular, the product of k very ample line
bundles is always k-jet ample. Furthermore, for any fixed k, a sufficiently high power of a given
ample line bundle becomes k-jet ample.
In the case of smooth projective toric varieties, Di Rocco showed that a line bundle L is k-jet ample
if its intersection with each T -invariant curve is at least k [DR99, Proposition 3.5, Theorem 4.2].
However, for k ≥ 0 and dimX ≥ 2, if we allow singularities on the projective toric variety X, we
will see below that a line bundle L is k-jet ample if its intersection with each T -invariant curve is
at least k + n− 2, and moreover this bound is sharp (see Section 1.2).
Our main results provide sufficient conditions for the k-jet ampleness of a line bundle on a projective
toric variety in terms of its intersection numbers with the invariant curves, in terms of the lattice
lengths of the edges of its polytope and in terms of the higher concavity of its piecewise linear
function (see Section 1.2). We will apply these results to prove the k-jet generalizations of Fujita’s
conjectures on projective toric varieties with arbitrary singularities (see Section 1.3).
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1.1. Some results in the literature. The problem of finding sufficient conditions for jet ample-
ness has been studied on several classes of varieties. In [BS97a,BS97b], Bauer and Szemberg gave
criteria for the k-jet ampleness of line bundles on abelian varieties. For example, [BS97a, Theorem
1] shows that if L1, . . . , Lk+2 are ample line bundles on an abelian variety then L1 ⊗ · · · ⊗ Lk+2 is
k-jet ample. Bauer, Di Rocco and Szemberg in [BDRS00] and Rams and Szemberg in [RS04] give
criteria for the k-jet ampleness of line bundles on smooth K3 surfaces. For example, [RS04, The-
orem] shows that if L is an ample line bundle on a smooth K3 surface, then L⊗m is k-jet ample
for any m ≥ max{2k + 1, 2}. Moreover, [BDRS00, Proposition 1.2] gives examples of ample line
bundles L on smooth K3 surfaces such that L⊗m is not k-jet ample for 2k ≥ m ≥ 1, and hence the
bound in [RS04, Theorem] is sharp. In [BS00], Beltrametti and Szemberg gave criteria for the k-jet
ampleness of line bundles on smooth Calabi-Yau threefolds. For example, [BS00, Theorem 1.1 (1)]
shows that if L is an ample line bundle on a smooth Calabi-Yau threefold and k ≥ 2, then L⊗m is
k-jet ample for any m ≥ 3k. In [CI14], Chintapalli and Iyer gave criteria for the k-jet ampleness
of line bundles on smooth hyperelliptic varieties. For example, [CI14, Theorem 1.2] shows that
if L is an ample line bundle on a smooth hyperelliptic variety, then L⊗m is k-jet ample for any
m ≥ k + 2. In [Far16], Farnik gave criteria for the k-jet ampleness of line bundles on hyperelliptic
surfaces. In [Far16, Theorem 4.1] she showed that if L is a line bundle of type (m,m) on a smooth
hyperelliptic surface, with m ≥ k+2, then L is k-jet ample. We point out that in the literature one
can also find other notions of higher order embeddings. In addition to k-jet ampleness, Beltram-
etti, Francia and Sommese also introduced and studied the concepts of k-spannedness and k-very
ampleness in [BFS89,BS90,BS91,BS93]. These notions are also widely studied and they are weaker
than k-jet ampleness in general.
Remark 1.1 (Remark on terminology). For convenience, one says that a line bundle L on a projective
variety X generates k-jets over a subset Z of X, when the evaluation map in (1) is surjective for
any set {x1, x2, . . . , xr} of distinct closed points of Z, and any positive integers k1, . . . , kr such that∑r
i=1 ki = k + 1. Hence, L is k-jet ample if and only if it generates k-jets over any finite subset of
X. Likewise, a Cartier divisor D on X is said to be k-jet ample when the line bundle OX(D) is
k-jet ample and is said to generate k-jets over Z when OX(D) does.
1.2. Our main results on k-jet ampleness. Our main result Theorem 1.2 is a sufficient condition
for any ample Cartier divisor on a projective toric variety X to be k-jet ample. This sufficient
condition is written in terms of a nonnegative constant ΓX associated to the toric variety which
can be computed directly (see Definition 2.8). When the projective toric variety is additionally
smooth, the constant ΓX is zero and Theorem 1.2 specializes to the main result on generation of
jets on smooth toric varieties in [DR99, Theorem 4.2]. We refer to Section 5 for the definition and
basic properties of higher concavity of piecewise linear functions on fans.
Theorem 1.2. Let D be an ample Cartier T -divisor on a projective toric variety X. Suppose that
for some k ∈ Z≥0, any of the following three equivalent conditions holds,
(1) D · C ≥ k + ΓX for each complete T -invariant curve C in X,
(2) Each edge of the polytope PD has lattice length at least k + ΓX ,
(3) The piecewise linear function ψD is (k + ΓX)-concave,
then D is k-jet ample.
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On a projective toric variety X of dimension n ≥ 2, by Lemma 2.6 the constant ΓX always satisfies
0 ≤ ΓX ≤ n−2, and therefore we get the following friendlier version for the working mathematician.
Corollary 1.3. Let D be an ample Cartier T -divisor on a projective toric variety X of dimension
n ≥ 2. Suppose that for some k ∈ Z≥0, any of the following three equivalent conditions holds,
(1) D · C ≥ k + n− 2 for each complete T -invariant curve C in X,
(2) Each edge of the polytope PD has lattice length at least k + n− 2,
(3) The piecewise linear function ψD is (k + n− 2)-concave,
then D is k-jet ample. This bound is sharp.
Example 1.4. If D is an ample Cartier divisor on a projective toric variety X of dimension n ≥ 2,
such that for some k∈Z≥0,D ·C ≥ k+n−2 for each complete T -invariant curve C in X, then D is
k-jet ample. Indeed, this follows by applying Corollary 1.3 to a T -divisor linearly equivalent to D.
Example 1.5. If D1, . . . ,Dk+n−2 are ample Cartier divisors on a projective toric variety of dimen-
sion n ≥ 2, then D = D1 + · · · + Dk+n−2 is k-jet ample. Indeed, this follows from Example 1.4
since D · C =
∑k+n−2
i=1 Di · C ≥ k + n− 2, for each complete T -invariant curve C in X.
The following theorem answers the natural question of how high a multiple of an ample Cartier
divisor on a projective toric variety one needs to take to guarantee k-jet ampleness. This result is
sharp if one considers all projective toric varieties of a given dimension.
Theorem 1.6. Let D be an ample Cartier divisor on a projective toric variety X of dimension
n ≥ 2. Then, mD is k-jet ample for each m ≥ k + n− 2 and each k ∈ Z≥0. This bound is sharp.
Our main result Theorem 1.2 will follow from the following stronger, but more technical sufficient
condition for k-jet ampleness, with assumptions about each maximal cone rather than about the
collection of maximal cones as a whole. For each maximal cone σ, we will define an integer valued
invariant Lσ (see Definition 2.13), to measure the positivity of D and a rational number Γσ∨ (see
Definition 2.3), to measure the difficulty of separating k-jets at the invariant point xσ of X.
Theorem 1.7. Let D be an ample Cartier T -divisor on a projective toric variety X = X(∆). If
for some k ∈ Z≥0, Lσ ≥ k + Γσ∨ , for each maximal cone σ ∈ ∆, then D is k-jet ample.
1.3. Application: Fujita’s k-jet ampleness conjeture. A basic question about adjoint linear
systems is when they are base point free or very ample. In [Fuj88], Fujita raised the following
conjectures.
Conjecture 1.8. Let X be an n-dimensional projective algebraic variety, smooth or with mild
singularities, and let D be an ample divisor on X.
(i) (freeness) If ℓ ≥ n+ 1, then ℓD +KX is globally generated.
(ii) (very ampleness) If ℓ ≥ n+ 2, then ℓD +KX is very ample.
For smooth curves, both conjectures follow from the Riemann-Roch formula. In characteristic
0, Fujita’s freeness conjecture has been proved up to dimension 5, while Fujita’s very ampleness
conjecture is only proved for surfaces. In dimension 2, Reider proved both of Fujita’s conjectures
using the Bogomolov inequality. In dimension 3, the freeness conjecture was proved using multiplier
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ideal sheaves by Ein and Lazarsfeld in [EL93]. In dimension 4, the freeness conjecture was proved
by Kawamata in [Kaw97] and in dimension 5 it was proved by Ye and Zhu in [YZ15].
For smooth toric varieties, since global generation is equivalent to nefness and very ampleness is
equivalent to ampleness, the Fujita’s conjectures follow from Mori’s cone theorem. For singular
toric varieties, Fujino proved a generalization of Fujita’s freeness conjecture [Fuj03]. Fujita’s very
ampleness conjecture was proved by Payne in [Pay06]. In fact, they both showed that a smaller
intersection number suffices, unless X is Pn and D is linearly equivalent to a hyperplane.
On the other hand, one may hope that for a smooth projective variety X and an ample Cartier
divisor D, KX +(n+k+1)D generates k-jets if D is ample. However, this fails even for generation
of jets at one point, see [EKL95]. In Section 4, we prove that a stronger generalization of Fujita’s
conjectures for k-jets still holds for projective toric varieties with arbitrary singularities.
Theorem 1.9. Let X be a projective n-dimensional toric variety not isomorphic to Pn. Let D and
D′ be T -invariant Q-Cartier divisors such that 0 ≥ D′ ≥ KX and D + D
′ is Cartier. Let k be a
non-negative integer. If D · C ≥ n+ k for every T -invariant curve C, then D +D′ is k-jet ample.
1.4. This article is organized as follows. In Section 2, we establish sufficient conditions for
jet ampleness on toric varieties with arbitrary singularities. In Section 3, we present examples
illustrating our conditions and their sharpness. In Section 4, we prove k-jet generalizations of
Fujita’s conjectures on toric varieties with arbitrary singularities. Lastly, in Section 5, we introduce
a notion of higher concavity for piecewise linear functions on fans and study its basic properties.
1.5. Notation and conventions. All of our varieties are defined over a fixed algebraically closed
field k of arbitrary characteristic. Throughout, N denotes a lattice and M denotes its dual lattice
Hom(N,Z). We set NR = N ⊗R and MR =M ⊗R. We denote the associated pairing by 〈u, v〉, for
any elements u ∈ MR and v ∈ NR. We denote by T the split torus with one-parameter subgroup
lattice N and character lattice M . Throughout, ∆ denotes a fan in NR and Supp(∆) ⊆ NR denotes
its support. By facet of a cone we mean a codimension-one face. We say that an element of a
lattice is primitive when it is nonzero and it is not a positive integer multiple of a lattice element,
other than itself. The lattice length of the linear segment between u1, u2 ∈M ⊗Q ⊆M ⊗R is the
unique nonnegative rational number l such that u1 − u2 = lw, for some w ∈M =M ⊗Z ⊆M ⊗Q
primitive. For each cone σ ∈ ∆, the lattice associated to σ, denoted by Nσ, is the lattice obtained
by intersecting N with the linear subspace of NR spanned by σ. We denote the semigroup algebra
associated to a semigroup S by k[S] = k[χu |u ∈ S].
The affine toric variety associated to a cone σ ∈ ∆ is denoted by Uσ and the toric variety associated
to the fan ∆ is denoted by X(∆). On any toric variety X = X(∆), we will denote by KX the
negative of the sum of the T -invariant prime divisors, which is a canonical divisor on X. The
T -invariant point of X(∆) associated to a maximal cone σ ∈ ∆ is denoted by xσ. Given a T -divisor
D on X(∆), we denote its associated polyhedron by PD ⊆ MR. For each vertex u of PD, we
denote the cone in MR over the translated polyhedron PD − u by Cone(PD, u). Recall that the
points in PD ∩M are in correspondence with a basis of H
0(X(∆),D) and that PD is a polytope
if X is complete. If D is a Cartier T -divisor on X(∆), we denote its associated piecewise linear
function by ψD : Supp(∆) → R. Recall that if for a cone σ ∈ ∆, we choose uσ ∈ M such that
div(χ−uσ)|Uσ = D|Uσ , then ψD(v) = 〈uσ, v〉, for each v ∈ σ.
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Given a convex subset S of a real vector space, we will follow the convention that a real valued
function f : S → R is said to be concave if f(tx+(1− t)y) ≥ tf(x)+(1− t)f(y), for all x, y ∈ S and
t ∈ [0, 1]. Given vectors v,w,w1, . . . , wn in a real vector space, we denote the ray from v to w by
−→vw;
the line segment joining v and w by vw; the linear span of w1, . . . , wn by 〈w1, . . . , wn〉R; the convex
hull of w1, . . . , wn by Conv(w1, . . . , wn); the cone spanned by w1, . . . , wn by Cone(w1, . . . , wn); and
the translated cone w+Cone(w1 −w, . . . , wn −w) by Conew(w1, . . . , wn). By a polytope we mean
the convex hull of a finite set of points. Unless specified otherwise by the context, by a cone we
mean a strictly convex, rational, polyhedral cone.
Acknowledgements. The authors would like to thank Lei Song and Mircea Mustat¸a˘ for insightful
conversations. Zhixian Zhu would also like to thank Tong Zhang for inviting her to visit East China
Normal University, where part of this work was completed. Jose Gonzalez was supported by the
UCR Academic Senate.
2. Generation of jets on toric varieties
In this section, we prove our main results on jet ampleness on projective toric varieties stated in
Section 1.2.
2.1. The maximum weight function WQmax and the constants ΓQ and ΓX .
Definition 2.1. Let Q be a cone in a lattice M and let w1, . . . , wm be the primitive lattice gener-
ators of its rays. We define the maximum weight function WQmax : Q→ R by
WQmax(u) := max
{
m∑
i=1
ai
∣∣∣∣∣ u =
m∑
i=1
aiwi and ai ≥ 0 for all i
}
.
for any u ∈ Q. When Q is simplicial we will sometimes write simply WQ to denote WQmax.
Remark 2.2. Since all our cones are rational and strictly convex the functionWQmax in Definition 2.1
is well-defined. Moreover, it is well-known that WQmax is piecewise linear on Q, that is, there exists
a subdivision of Q into finitely many subcones such that the restriction of WQmax to each of these
subcones is linear. One way to construct such a subdivision without introducing additional rays
is to consider the cones over the faces of the polytope Conv(w1, . . . , wm) that are visible from the
origin, see [Pay06, Section 3] for details.
Definition 2.3. Let Q be a cone in a lattice M and let w1, . . . , wm be the primitive lattice gener-
ators of its rays. Let mQ denote the irrelevant maximal ideal of k[Q∩M ]. For each u ∈ Q∩M , let
kQu = max{k ∈ Z≥0 | χ
u ∈ mkQ}. Let SQ = {
∑m
i=1 aiwi | 0 ≤ ai < 1 for all i}. Notice that SQ ∩M
is a finite set. When there is no risk of ambiguity we will simply write ku and S to denote k
Q
u and
SQ, respectively. We define the constant ΓQ associated to Q as
ΓQ := max{W
Q
max(u)− k
Q
u |u ∈ SQ ∩M}.
Remark 2.4. In Definition 2.3, we see that WQmax(0) − k0=0 and then ΓQ ≥ 0 for any cone Q.
Moreover, notice that for every u ∈ Q ∩M , there exists w ∈ SQ ∩M such that W
Q
max(w) − kw ≥
WQmax(u)− ku. Hence, ΓQ = max{W
Q
max(u)− ku | u ∈ Q ∩M}.
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Remark 2.5. Given a cone Q of dimension n ≥ 2, the maximum weight WQmax(u) of any irreducible
element u in the semigroup Q ∩M is at most n − 1. Using Remark 2.2, the proof of this claim
reduces to the case where Q is simplicial, which is proved in [EW91, Theorem 2].
We will now use [EW91, Theorem 2] to get bounds for ΓQ.
Lemma 2.6. For any smooth cone Q, we have ΓQ = 0. In particular, for any cone Q of dimension
n ≤ 1, we have ΓQ = 0. For any cone Q of dimension n ≥ 2, we have 0 ≤ ΓQ ≤ n− 2.
Proof. If Q is smooth then SQ ∩M = {0}, and then ΓQ = 0. Assume now that Q has dimension
n ≥ 2. Let u ∈ Q∩M be such that ΓQ =W
Q
max(u)− k
Q
u . By Remark 2.2, we can choose a subcone
Q′ of Q whose rays are rays of Q, such that u ∈ Q′ and WQmax is linear on Q′. It follows that
WQmax|Q′ = W
Q′
max and in particular W
Q
max(u) = W
Q′
max(u). We can now choose a simplicial cone
Q′′ whose rays are rays of Q′ such that u ∈ Q′′. We have that WQmax(u) = W
Q′
max(u) = WQ
′′
(u)
and kQu ≥ k
Q′
u ≥ k
Q′′
u . Hence, W
Q
max(u) − k
Q
u ≤ WQ
′′
(u) − kQ
′′
u . Therefore we can assume that
the given cone Q was simplicial of dimension n ≥ 2. By contradiction, let us suppose that ΓQ =
WQ(u)− kQu > n− 2. By appropriately replacing u if necessary, we can assume that u ∈ SQ ∩M .
Notice that u 6= 0, then χu ∈ mQ, and hence W
Q(u) > n− 2 + kQu ≥ n− 1. Since WQ(u) > n− 1,
then χu ∈ m2Q by [EW91, Theorem 2]. Then, W
Q(u) > n− 2 + kQu ≥ n, but this is a contradiction
since WQ(w) ≤ n for each w ∈ SQ. 
We can use the constant ΓQ to get the following test for ideal membership.
Lemma 2.7. Let Q be a cone in a lattice M . Let R = k[Q∩M ] and let mQ be its irrelevant ideal.
Then, for each k ∈ Z≥0 we have{
χu ∈ R | WQmax(u) > k − 1 + ΓQ
}
⊆ mkQ.
In particular, R/mkQ is spanned over k by the images of {χ
u ∈ R |WQmax(u) ≤ k − 1 + ΓQ}.
Proof. We will use the notation from Definition 2.3. Suppose that WQmax(u) > k− 1+ΓQ, for some
u ∈ Q∩M . Then, there exists an expression u =
∑m
i=1(ai+αi)wi, with ai ∈ Z≥0 and 0 ≤ αi < 1, for
each 1 ≤ i ≤ m, such that
∑m
i=1 ai+
∑m
i=1 αi > k− 1+ΓQ. Since w :=
∑m
i=1 αiwi = u−
∑m
i=1 aiwi
is in SQ ∩M , then ΓQ ≥W
Q
max(w)− kw ≥
∑m
i=1 αi − kw. Then,
m∑
i=1
ai +
m∑
i=1
αi > k − 1 + ΓQ ≥ k − 1 +
m∑
i=1
αi − kw.
Hence
∑m
i=1 ai + kw > k − 1, and thus
∑m
i=1 ai + kw ≥ k. We know that χ
w ∈ mkwQ , and therefore,
χu = χ
∑m
i=1 aiwiχw ∈ m
∑m
i=1 ai
Q m
kw
Q = m
∑m
i=1 ai+kw
Q ⊆ m
k
Q. 
Definition 2.8. For any toric variety X associated to a fan ∆ whose maximal cones are top-
dimensional, we define ΓX := max{ΓQ |Q = σ
∨ for some maximal cone σ ∈ ∆}.
Remark 2.9. It follows from Lemma 2.6 that for a toric variety X associated to a fan ∆ whose
maximal cones are top-dimensional, we have that ΓX = 0 if X is smooth (for example, if X has
dimension n = 1) and that 0 ≤ ΓX ≤ n− 2 if X has dimension n ≥ 2.
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2.2. Reduction of generation of jets to the T -invariant case. In this subsection, we will see
that the generation of jets on complete toric varieties can be reduced to the case of jets supported
at the T -invariant points. We start by recalling Borel fixed-point theorem.
Theorem 2.10 (Borel Fixed-Point Theorem [Hum12, §21.2]). Let G be a connected solvable alge-
braic group, and let X be a nonempty complete variety on which G acts regularly. Then G has a
fixed-point in X.
The argument for the reduction of the generation of jets to the T -invariant case in [DR99, Page
180] for smooth complete toric varieties carries to the not necessarily smooth case. We recall this
argument in the next proposition.
Proposition 2.11. Let D be a Cartier T -divisor on a complete toric variety X. If the divisor D
generates k-jets on any subset Z of X supported at T -invariant points, then D is k-jet ample.
Proof. Let us fix a non-negative integer k. We define a subset Y of the (k + 1)-fold product Xk+1
as follows. A closed point y = (y1, . . . , yk+1) ∈ X
k+1 is in Y if and only if the evaluation map
H0(X,OX (D))→ H
0(X,OX (D)⊗OX/(m
k1
x1
⊗mk2x2 ⊗ · · · ⊗m
kr
xr))
is surjective, where x1, . . . , xr ∈ X are the distinct points that occur as components of y and
k1, . . . , kr ∈ Z
+ are the respective number of times that each of the xi occurs as a component of
y. Notice that the surjectivity of this evaluation map does not depend on the order we give to
x1, . . . , xr. Notice also that
∑r
i=1 ki = k + 1. By the nature of its definition, Y is a closed subset
of Xk+1, and in particular Y is complete. Moreover, since D is a T -divisor then Y is a T -invariant
closed subset of Xk+1, where Xk+1 is considered with the induced componentwise action of T .
Since T is connected, we get an induced action of T on each irreducible component of Y . By
contradiction, let us assume that D is not k-jet ample but generates k-jets on any Z supported at
T -invariant points. Then, Y is not empty. By applying Borel Fixed-Point Theorem to any of the
irreducible components of Y , we deduce that Y has a T -invariant closed point y. The components
of this closed point y are T -invariant closed points in X and give us an instance of a non-surjective
evaluation map for a set supported at the T -invariant points of X, which is a contradiction. 
2.3. Generation of jets at one T -invariant point. In this subsection, we will present a sufficient
condition for the generation of jets supported at one T -invariant point, for ample Cartier T -divisors
on projective toric varieties. We start by describing our strategy in the following remark.
Remark 2.12. Let D be a Cartier T -divisor on a toric variety X = X(∆). We are interested in
studying the surjectivity of the evaluation map
H0(X,OX (D))→ H
0(X,OX (D)⊗OX/m
k+1
x ) (2)
for k ∈ Z≥0, when x ∈ X is a T -invariant point. Let σ ∈ ∆ be the maximal cone corresponding to
x and let uσ ∈ M be such that div(χ
−uσ)|Uσ = D|Uσ . Let R = k[Cone(PD, uσ) ∩M ] and let mR
be its irrelevant maximal ideal. The evaluation map in (2) can be written as the composition,
H0(X,OX (D))
ρ
−֒→ H0(Uσ,OX(D))
ψ
−→ H0(Uσ,OX(D)⊗OX/m
k+1
x ) = H
0(X,OX (D)⊗OX/m
k+1
x ),
where the restriction map ρ is injective since OX(D) is an invertible sheaf, the evaluation ψ is
surjective since Uσ is affine, and the two spaces on the right are equal since OX/m
k+1
x is supported
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at the point x ∈ Uσ ⊆ X. We have that H
0(Uσ ,OX(D)) = χ
uσ
k[Cone(PD, uσ) ∩M ]. Notice
that a section χu, such that χu−uσ ∈ mk+1R , maps to zero under the evaluation ψ. Therefore the
space H0(X,OX (D) ⊗ OX/m
k+1
x ) is spanned over k by the images of the sections χ
u such that
χu−uσ ∈ k[Cone(PD, uσ)] r m
k+1
R = R r m
k+1
R . Our task will be to show that under the right
assumptions such sections can be lifted to H0(X,OX (D)), and more generally do this when we are
given a collection of T -invariant points x1 . . . , xr and we consider evaluation maps of the form
H0(X,OX (D))→ H
0(X,OX (D)⊗OX/(m
k1
x1
⊗mk2x2 ⊗ · · · ⊗m
kr
xr)).
Definition 2.13. Let D be an ample Cartier T -divisor on a projective toric variety X = X(∆).
Notice that in this case there is a correspondence between maximal cones σ in the fan ∆ and
vertices uσ of the polytope PD. For each maximal cone σ ∈ ∆, we will denote by L
D
σ the minimum
of the lattice lengths of the edges of PD having uσ as a vertex. When there is no risk of ambiguity,
we will write simply Lσ to denote L
D
σ .
We now present a sufficient condition for the generation of jets at one T -invariant point.
Proposition 2.14. (Generation of jets at one T -invariant point) Let D be an ample Cartier T -
divisor on a projective toric variety X = X(∆). Let x ∈ X be a T -invariant point and let σ ∈ ∆
be its corresponding maximal cone. If Lσ ≥ k + Γσ∨ , for some k ∈ Z≥0, then the evaluation map
H0(X,OX (D))→ H
0(X,OX (D)⊗OX/m
k+1
x )
is surjective.
Proof. Note that OX(D) is globally generated and {χ
u |u ∈ PD ∩M} is a basis of H
0(X,OX (D)).
For k = 0 the conclusion follows from the global generation of OX(D), thus we assume that
k ≥ 1. In particular, Lσ ≥ 1. Let uσ be the vertex of the polytope PD corresponding to σ.
Let R = k[Cone(PD, uσ) ∩M ] and let mR be its irrelevant maximal ideal. By Remark 2.12, the
space H0(X,OX (D) ⊗ OX/m
k+1
x ) is spanned over k by the images of the sections χ
u such that
χu−uσ ∈ R r mk+1R . To show the surjectivity of the evaluation map, it is enough to show that
u ∈ PD for all such sections. For each such χ
u, since χu−uσ /∈ mk+1R , then by Lemma 2.7 we have
WCone(PD ,uσ)max (u− uσ) ≤ (k + 1)− 1 + Γσ∨ = k + Γσ∨ ≤ Lσ. (3)
Let w1, . . . , wm be the primitive generators of the rays of σ
∨. By (3), u−uσ = α1w1+ . . .+αmwm,
for some αi ≥ 0 such that
∑m
i=1 αi ≤ Lσ. Therefore, we get the convex combination
u =
α1
Lσ
(Lσw1 + uσ) + · · ·+
αm
Lσ
(Lσwm + uσ) + (1−
m∑
i=1
αi
Lσ
)uσ .
Notice that w1+uσ, . . . , wm+uσ are the first lattice points after uσ along the edges of PD containing
uσ as a vertex. By definition, each such edge has lattice length at least Lσ. Then, Lσw1 +
uσ, . . . , Lσwn + uσ are in PD, and thus by convexity u is also in PD, as desired. 
2.4. Generation of jets along two or more T -invariant points. In this subsection, we will
present a sufficient condition for the generation of jets supported along two or more T -invariant
points, for ample Cartier T -divisors on projective toric varieties.
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Lemma 2.15. Let P be an n-dimensional polytope, v be a vertex of P and v1, . . . , vn be dis-
tinct vertices of P each connected to v by an edge. Then, for any u ∈ Conv(v, v1, . . . , vn) and
any w /∈ {v, v1, . . . , vn} vertex of P , there exist w1, . . . , wm distinct vertices of P , each con-
nected to w by an edge, such that u ∈ Conew(w1, . . . , wm), Conew(w1, . . . , wm) is simplicial, and
u /∈ Conv(w,w1, . . . , wm)rConv(w1, . . . , wm).
Proof. We may assume that the ambient space is Rn and that w is the origin. Let w1, . . . , wk be
the distinct vertices of P that are connected to w by an edge. Let W : Cone(w1, . . . , wk) → R be
maximum weight function defined by
W (x) := max
{
k∑
i=1
ai
∣∣∣∣∣ x =
k∑
i=1
aiwi and ai ≥ 0 for all i
}
.
Clearly W (λx) = λW (x) for any λ ≥ 0. Let Q = Conv(w1, . . . , wk). Notice that for any t > 0, the
set tQ consists precisely of the points x in Cone(w1, . . . , wk) that can be written as x =
∑k
i=1 aiwi
with ai ≥ 0 for all i and
∑k
i=1 ai = t. Let us refer to the faces of Q visible from w as the lower
faces of Q. The lower faces of Q consist precisely of the points that are not in tQ for any t > 1.
Then, the functionW is identically 1 on the lower faces of Q. It follows thatW is a piecewise linear
function on Conv(w1, . . . , wk) which is linear precisely on the cones over the lower faces of Q.
We claim that W (z) ≥ 1 for any vertex z of P distinct from w. By contradiction, assume that
W (z) < 1. Let z0 be the unique point in the ray
−→wz such that W (z0) = 1. Then, z0 is in the lower
faces of Q. In particular z0 ∈ Q, and hence z0 ∈ P . Since the line segment wz0 is contained in P
and z is in its relative interior, we deduce that z cannot be a vertex of P , which is a contradiction.
Clearly W (x+ y) ≥W (x) +W (y), for any x, y ∈ Cone(w1, . . . , wk). Since u ∈ Conv(v, v1, . . . , vn),
and W (v) ≥ 1 and W (vi) ≥ 1 for each i, it follows that W (u) ≥ 1. Let u0 be the unique point
in the ray −→wu such that W (u0) = 1. Let F be the unique face of Q containing u0 in its relative
interior. Notice that F is a lower face of Q. The vertices of Q are precisely w1, . . . , wk. Hence, by
relabeling we may assume the vertices of F are w1, . . . , wr, for some r ≤ k. Let m be the positive
integer such that the dimension of F is m− 1. After relabeling if necessary, we may assume that
w1, . . . , wm are such that Conv(w1, . . . , wm) is m− 1 dimensional and contains u0. We know that
the function W is linear on the cone over F and hence also on Cone(w1, . . . , wm).
By construction Conew(w1, . . . , wm) = Cone(w1, . . . , wm) is simplicial and it contains u since u0 ∈
Cone(w1, . . . , wm). Moreover, since W takes values strictly less than 1 on Conv(w,w1, . . . , wm) r
Conv(w1, . . . , wm), then u /∈ Conv(w,w1, . . . , wm)r Conv(w1, . . . , wm), as desired. 
We now present a condition for the generation of jets along two or more T -invariant points.
Proposition 2.16. (Generation of jets along two or more T -invariant points) Let D be an ample
Cartier T -divisor on a projective toric variety X = X(∆). Let x1, . . . , xr ∈ X be distinct T -
invariant points and let σ1, . . . , σr ∈ ∆ be their corresponding maximal cones, where r ≥ 2. If for
some k ∈ Z≥0, Lσi ≥ k + Γσ∨i , for each 1 ≤ i ≤ r, then for any positive integers k1, . . . , kr such
that
∑r
i=1 ki = k + 1, the evaluation map
H0(X,OX (D))→ H
0(X,OX (D)⊗OX/(m
k1
x1
⊗mk2x2 ⊗ · · · ⊗m
kr
xr))
is surjective.
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Proof. We let n denote the dimension of X. For each 1 ≤ i ≤ r, let ui be the vertex of the polytope
PD corresponding to σi. We have an isomorphism
H0(X,OX (D)⊗OX/(m
k1
x1
⊗mk2x2 ⊗ · · · ⊗m
kr
xr
)) ∼=
r⊕
i=1
H0(X,OX (D)⊗OX/m
ki
xi
).
The set {χu |u ∈ PD∩M} is a basis ofH
0(X,OX (D)). For each 1 ≤ i ≤ r, let Ri = k[Cone(PD, ui)∩
M ] and let mi be its irrelevant maximal ideal. For each 1 ≤ i ≤ r, by Remark 2.12 the space
H0(X,OX (D) ⊗ OX/m
ki
xi
) is spanned over k by the images of the sections χu such that χu−ui ∈
Rirm
ki
i . For each 1 ≤ i ≤ r, by Proposition 2.14, u ∈ PD for all such sections. We claim now that
if we fix distinct indices i and j, all sections χu ∈ H0(X,OX (D)) such that χ
u−ui ∈ Rirm
ki
i , map
to zero under the composition
H0(X,OX (D))→ H
0(X,OX (D)⊗OX/(m
k1
x1
⊗mk2x2 ⊗ · · · ⊗m
kr
xr))→ H
0(X,OX (D)⊗OX/m
kj
xj ).
The surjectivity of the evaluation map in the statement clearly follows from this claim. To establish
the claim, it is enough to fix distinct indices i and j, and some u in PD such that χ
u−ui ∈ Rirm
ki
i
and show that χu−uj ∈ m
kj
j ⊆ Rj . Let us choose distinct vertices v1, . . . , vn, each connected to
ui by an edge of PD such that Q = Cone(v1 − ui, . . . , vn − ui) is simplicial and contains u − ui.
Let RQ = k[Q ∩M ] and let mQ be its irrelevant maximal ideal. Since χ
u−ui ∈ Ri rm
ki
i , then by
Lemma 2.7,
WQ(u− ui) ≤W
Cone(PD ,ui)
max (u− ui) ≤ ki − 1 + Γσ∨i ≤ k + Γσ∨i ≤ Lσi . (4)
Since each of the vectors v1 − ui, . . . , vn − ui has lattice length at least Lσi and W
Q(u− ui) ≤ Lσi ,
then u ∈ Conv(ui, v1, . . . , vn). We now consider two cases depending on whether uj is one of the
vertices {v1, . . . , vn}.
Assume that uj /∈ {v1, . . . , vn}. In this case, by Lemma 2.15 there exist {w1, . . . , wm} distinct ver-
tices of PD each connected to uj by an edge, such that u ∈ Coneuj (w1, . . . , wm), Coneuj(w1, . . . , wm)
is simplicial, and u /∈ Conv(uj , w1, . . . , wm) r Conv(w1, . . . , wm). We set Q
′ = Cone(w1 − uj, . . . ,
wm − uj). By definition of Lσj , the vectors w1 − uj, . . . , wm − uj have lattice length at least Lσj .
It follows that
W
Cone(PD ,uj)
max (u− uj) ≥W
Q′(u− uj) ≥ Lσj ≥ k + Γσ∨j > k − 1 + Γσ∨j .
Therefore, χu−uj ∈ m
kj
j ⊆ Rj by Lemma 2.7, as desired.
Assume now that uj ∈ {v1, . . . , vn}. Let w be the primitive vector in the direction from ui to uj .
Notice that χ−w ∈ mj ⊆ Rj . To finish the proof, it is enough to show that u+kjw is in PD. Indeed,
this implies that χ(u−uj)+kjw ∈ Rj , and hence χ
u−uj = χ(u−uj)+kjw(χ−w)kj ⊆ m
kj
j ⊆ Rj , as desired
to complete the proof. Let l be the minimum of the lattice lengths of the vectors v1−ui, . . . , vn−ui.
We saw in (4) that ki − 1 + Γσ∨i ≥W
Q(u− ui) and notice that l ≥ Lσi ≥ k + Γσ∨i , then
l −WQ(u− ui) ≥ (k + Γσ∨i )− (ki − 1 + Γσ∨i ) = k + 1− ki ≥ kj .
Let v′1, . . . , v
′
n be the primitive integer vectors in the directions v1 − ui, . . . , vn − ui and let P
′ =
Conv(0, v′1, . . . , v
′
n). Notice that u−ui ∈W
Q(u−ui)P
′ and that w ∈ {v′1, . . . , v
′
n} ⊆ P
′. Therefore,
(u− ui) + kjw ∈W
Q(u− ui)P
′ + kjP
′ = (WQ(u− ui) + kj)P
′ ⊆ lP ′
= Conv(0, lv′1, . . . , lv
′
n) ⊆ Conv(0, v1 − ui, . . . , vn − ui).
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Then, u+ kjw ∈ Conv(ui, v1, . . . , vn) ⊆ PD, and this completes the proof. 
2.5. Putting it all together: Proofs of the main results on jet ampleness in Section 1.2.
Proof of Theorem 1.7. By Proposition 2.11, we are reduced to show that D generates k-jets on
any Z ⊆ X supported at T -invariant points. Under the given assumptions, the generation of k-
jets supported at one T -invariant point is proved in Proposition 2.14 and the generation of k-jets
supported at two or more T -invariant points is proved in Proposition 2.16. The desired conclusion
follows. 
Proof of Theorem 1.2. The equivalence of conditions (1), (2) and (3) is shown in Proposition 5.9.
For any σ ∈ ∆ we have that ΓX ≥ Γσ∨ and that Lσ ≥ k + ΓX by (2). Hence, Lσ ≥ k + Γσ∨ , and
then D is k-jet ample by Theorem 1.7. 
Proof of Corollary 1.3. The equivalence of conditions (1), (2) and (3) is shown in Proposition 5.9.
By Lemma 2.6, in this case 0 ≤ ΓX ≤ n − 2, and then the conclusion follows from Theorem 1.2.
The bound is sharp by Example 3.1 below. 
Proof of Theorem 1.6. The k-jet ampleness of mD follows from Example 1.5. The bound is sharp
by Example 3.1 below. 
3. Examples
In this section, we show that the bounds in Corollary 1.3 and Theorem 1.6 are sharp and present
some sufficient conditions for k-jet ampleness on weighted projective spaces.
3.1. Sharpness of the bounds in Corollary 1.3 and Theorem 1.6. For n ≥ 2, we will
construct a projective toric variety X(∆) with an ample T -invariant Cartier divisor D such that
the divisor (k + n − 3)D does not separate k-jets at one invariant point, for each k ≥ 1. The
construction is inspired by an example in [EW91].
Example 3.1. Let M = Zn for some n ≥ 2 and let {e1, . . . , en} be the its standard basis. Let r be
a positive integer such that r > n− 2 and a = e1+ · · ·+ en−1+ ren ∈M . Let P be the convex hull
of 0, e1, . . . , en−1, a. Let X be the associated toric variety and D be the Cartier T -invariant divisor
such that PD = P .
Let σ be the maximal cone corresponding to the vertex 0 of P and x be the corresponding closed
T -invariant point. We will show that the Cartier divisor G := (k+n−3)D does not separate k-jets
at x for any k ≥ 1. Notice that LGσ = k + n − 3. Let Q be the dual cone σ
∨. We have that Q is
generated by e1, . . . , en−1, a in M ⊗Z R. Then the affine coordinate ring of Uσ, denoted by R, is
k[Q ∩ Zn] and its irrelevant ideal m is the maximal ideal of x.
Let ai = e1 + · · ·+ en−1 + ien for 1 ≤ i ≤ r. In particular, ar = a. Since
SQ ∩M = {
∑n−1
i=1 αiei + αna | 0 ≤ αi < 1 for all 1 ≤ i ≤ n} ∩M = {0, a1, . . . , ar−1},
it follows that the maximal ideal m is generated by the monomials {χe1 , . . . , χen−1 , χa1 , . . . , χar}.
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Let u = (k − 1)e1 + a1. This implies that χ
u ∈ mk. We will show that
χu ∈ mk rmk+1,
and u is not in the polytope PG = P(k+n−3)D. This implies that the map
H0(X,OX (G))→ H
0(X,OX (G)⊗OX/m
k+1
x )
is not surjective, and hence that G is not k-jet ample.
- Let us show that u is not in the polytope PG. We first calculate the weight of u in Q. Note that
a1 = e1 + e2 + · · · + en =
∑n−1
i=1 (1−
1
r
)ei +
1
r
a.
Hence u = ke1 + e2 + · · · + en = (k − 1)e1 +
∑n−1
i=1 (1−
1
r
)ei +
1
r
a. We thus have
WQmax(u) = (k − 1) + (1−
1
r
)(n − 1) +
1
r
= n+ k − 2−
n− 2
r
> n+ k − 3.
Recall that the polytope PG is the convex hull of {0, (k+n−3)e1 , . . . , (k+n−3)en−1, (k+n−3)a}.
In particular, for every lattice point w in PG, we have W
Q(w) ≤ k+n− 3. Then, u is not in PG.
- Now we show that χu /∈ mk+1. Assume that χu ∈ ml for some positive integer l. We write
u =
∑l
i=1 wi for some nonzero lattice points wi in Q. Each lattice point in Q has the form∑n−1
i=1 ciei +
∑r
j=1 djaj
for some integers ci ≥ 0 and dj ≥ 0. Since the n-th coordinate of u is 1, there exists exactly
one wi with positive n-th coordinate. We may assume that it is w1. Hence w1 has the form∑n−1
i=1 ciei + a1 and all the other wi are sums of nonnegative integer multiples of e1, e2, . . . , en−1.
We thus have w1 − a1 ∈ Q and
(k − 1)e1 = u− a1 = (w1 − a1) +
∑l
i=2wi.
Hence each wi is a multiple of e1. This implies that l − 1 ≤ k − 1. Hence l ≤ k and χ
u /∈ mk+1.
Let us consider the notion of higher concavity of piecewise linear functions on fans in Definition 5.4
and its equivalences in Proposition 5.9. The function ψD in this example is 1-concave because the
lattice length of any edge of PD is exactly equal to 1. This implies that ψG is (k + n− 3)-concave.
Equivalently, G ·C ≥ k+n− 3 holds for each complete T -invariant curve C in X. This shows that
Corollary 1.3 is sharp. Since G is equal to the k+n− 3 multiple of an ample divisor D, we deduce
that Theorem 1.6 is sharp. In fact, Theorem 1.7 is sharp asymptotically. Here
Γσ∨ = max
1≤i≤r
{
WQ(ai)− kai
}
= max
1≤i≤r
{
(n− 1)(1 −
i
r
) +
i
r
− 1
}
= n− 2−
n− 2
r
.
when r is large, k+Γσ∨ = k+ n− 2−
n−2
r
has the limit value equal to k+ n− 2. This shows that
the k + Γσ∨ is indeed the optimal lower bound of Lσ in Theorem 1.7.
3.2. Example: Weighted projective spaces.
Theorem 3.2. Let P = P(a0, . . . , an) be a weighted projective space with n ≥ 2, with weights
reduced as usual to satisfy gcd(a0, . . . , âj , . . . , an) = 1, for each 0 ≤ j ≤ n. Let l = lcm(a0, . . . , an)
and h = max{lcm(ai, aj) | 0 ≤ i < j ≤ n}. Then, any ample Cartier divisor D on P is k-jet ample
for any
0 ≤ k ≤
l
h
− n+ 2.
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Proof. It is enough to show that the lattice length of any edge of the polytope PD0 corresponding
to an ample T -divisor D0 generating Pic(P) is at least l/h. Indeed, any Cartier divisor is linearly
equivalent to rD0 for some r ∈ Z
+, and PrD0 = rPD0 , so the lattice lengths of the edges of PrD0 are
at least r · l/h ≥ l/h ≥ k+n−2, and the desired conclusion would follow by Corollary 1.3. Consider
the polytope Q with vertices (l/a0, 0, . . . , 0), (0, l/a1, . . . , 0), . . . , (0, . . . , 0, l/an) in the hyperplane
Λ = {(x0, . . . , xn) ∈ R
n+1 | a0x0 + · · · + anxn = 0}, with lattice Λ ∩ Z
n+1. It is a well-known
example in toric geometry that the toric variety associated to Q is P and that the Cartier T -divisor
associated to Q generates PicP (see [RT11, Corollary 1.12]). Now, for each 0 ≤ i < j ≤ n, it
is immediate to see that the lattice length of the segment between the i-th and j-th vertices is
precisely l/ lcm(ai, aj), and the conclusion follows. 
Example 3.3. Let P = P(a, b, c) be a weighted projective plane with weights reduced such that
a, b, c are pairwise coprime positive integers. Let D be an ample Cartier divisor on P. Then, D is
k-jet ample for any 0 ≤ k ≤ min{a, b, c} by Theorem 3.2.
4. Fujita’s jet ampleness conjeture
In this section, we prove that a generalized Fujita’s conjecture for k-jet ampleness holds for toric
varieties. We first deal with the case that X is the projective space Pn. Let H be a hyperplane
divisor, and D an ample Cartier divisor on X. Here KX is linearly equivalent to −(n + 1)H. Let
ℓ be the smallest intersection number of D with curves in X. Hence ℓ is the degree of D. If
ℓ ≥ n+ k + 1, then deg(KX +D) = ℓ− n− 1 ≥ k. Hence KX +D is k-jet ample.
Now we show that if X is not the projective space. We show that a generalization of Fujita’s
conjecture for k-jet ampleness holds true for smaller intersection numbers, as stated in Theorem
1.9. This generalization of Fujita’s freeness conjecture was proved by Fujino, see [Fuj03]. The
Fujita’s very ampleness conjecture was proved by Payne in [Pay06]. In order to prove the higher
jets cases for k ≥ 2, we will need the following strengthening of a nefness result due to Fujino, which
can be deduced from [Fuj03, Theorem 0.1]. This version was proved by Payne in [Pay06, Section 4].
Note that D +D′ is not assumed to be Cartier here.
Theorem 4.1 ( [Fuj03, Theorem 0.1], [Pay06, Section 4]). Let X be a projective n-dimensional
toric variety not isomorphic to Pn. Let D and D′ be Q-Cartier divisors such that 0 ≥ D′ ≥ KX ,
and D · C ≥ n for all T -invariant curves C. Then D +D′ is nef.
Our proof follows the same idea of the proof of Fujita’s very ampleness for singular toric varieties.
We briefly describe the idea here. For any maximal cone σ, let uσ and u
′
σ be the corresponding
points of the divisors D and D′ in MQ. Since −D
′ ≤ −KX is a small divisor, the polytope PD+D′
is obtained by moving the faces of PD by a small distance. The new vertices of PD+D′ are interior
points of PD.
Definition 4.2. Let Q be a cone in a lattice M and let w1, . . . , wm be the primitive lattice gener-
ators of its rays. We define the minimum weight function WQmin : Q→ R by
WQmin(u) := min
{
m∑
i=1
ai
∣∣∣∣∣ u =
m∑
i=1
aiwi and ai ≥ 0 for all i
}
.
for any u ∈ Q. When Q is simplicial we have WQmin =W
Q
max.
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In [Pay06], Payne proved that for each maximal cone σ, there is a lower bound for the lattice length
of edges of PD+D′ starting from the vertex uσ + u
′
σ in terms of the minimal weight of u
′
σ.
Proposition 4.3 ( [Pay06, Proposition]). Let X be a complete toric variety and σ a maximal cone
in the fan defining X and Q the dual cone σ∨. Let D and D′ be T -invariant Q-Cartier divisors such
that D is nef and 0 ≥ D′ ≥ KX . Let tσ = min{D ·V (σ ∩ τ)} and mσ = min {(D +D
′) · V (σ ∩ τ)},
where τ varies over all maximal cones adjacent to σ. Suppose tσ ≥W
Q
min (u
′
σ). Then
mσ ≥ tσ −W
Q
min
(
u′σ
)
− 1 ≥ tσ −W
Q
max
(
u′σ
)
− 1.
Later we will use the following upper bound of the maximal weight of u′σ.
Lemma 4.4 ( [Pay06, Lemma 3]). Let D′ be a Q-Cartier T -divisor, with 0 ≥ D′ ≥ KX . Then
WQmax (u′σ) ≤W
Q
max(u) for any lattice point u in the interior of σ∨.
Now we prove Theorem 1.9 on Fujita’s jet ampleness.
Proof of Theorem 1.9. The case k = 0 is proved by Fujino, see [Fuj03, Corollary 0.2]. We will
assume that k ≥ 1. Notice that k
n+kD · C ≥ n, for all T -invariant curves C. By Theorem 4.1, we
have n
n+kD +D
′ is nef. For any curve C in X, we have(
D +D′
)
· C =
k
n+ k
(D · C) +
(
n
n+ k
D +D′
)
· C ≥ k. (5)
Hence D + D′ is ample. In particular, PD+D′ is a lattice polytope with vertices uσ + u
′
σ for all
maximal cones σ in the fan of X. Let Lσ be the minimum of the lattice lengths of the edges
of PD+D′ having uσ + u
′
σ as a vertex. For any maximal cone σ
′ sharing an (n − 1)-dimensional
cone τ with σ, we have that the lattice length of the edge connecting uσ + u
′
σ and uσ′ + u
′
σ′ is the
intersection number (D+D′) ·V (τ) (see for example the proof of Proposition 5.9). Hence Lσ = mσ.
We will show that mσ ≥ k + Γσ∨ for every maximal cone σ. Then the k-jet ampleness of D +D
′
follows from the main theorem. Let µ be the minimal intersection number of D + D′ with T -
invariant curves in X. Since µ = min{mσ}, where σ runs over maximal cones of X, the inequality
(5) implies that µ ≥ k, which implies that mσ ≥ k.
For simplicity, we will denote σ∨ by Q. Let w1, w2, . . . , wm be the primitive lattice generators of the
rays of Q and S = {
∑m
i=1 aiwi | 0 ≤ ai < 1 for all i}. Let p be a lattice point in S which computes
ΓQ. Hence Γσ∨ = ΓQ =W
Q
max(p)− kp. Now we show that mσ ≥ k + ΓQ.
- If σ is smooth, then ΓQ = 0. Hence mσ ≥ µ ≥ k = k + ΓQ.
- If σ is not smooth, i.e., S 6= {0}.
If p = 0, then ΓQ = 0. Hence mσ ≥ µ ≥ k = k + ΓQ.
If p is not equal to 0, then kp ≥ 1. Furthermore, we can choose a top-dimensional simplicial
subcone Q′ of Q containing p such that WQmax is linear on Q′. Let {wi1 , . . . , win} be the subset
of {w1, w2, . . . , wm} containing the primitive lattice generators of the rays of Q
′. Then p =
a1wi1 + · · ·+ anwin for some 0 ≤ ai < 1. One can check that p
′ = (1− a1)wi1 + · · ·+ (1− an)win
is a lattice point in the interior of Q′. Hence it is in the interior of Q and WQmax(p′) =W
Q′
max(p′) =∑n
i=1(1 − ai) = n −W
Q
max(p). Lemma 4.4 implies that W
Q
max (u′σ) ≤ W
Q
max(p′) = n −W
Q
max(p).
This implies that WQmax(u′σ) ≤ n < n+ k ≤ tσ. Proposition 4.3 and Lemma 4.4 imply that
mσ ≥ n+ k −W
Q
max
(
u′σ
)
− 1 ≥ k − 1 +WQmax(p) = k − 1 + ΓQ + kp ≥ k + ΓQ. 
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Corollary 4.5. Let D be an ample Cartier divisor on a projective n-dimensional Gorenstein toric
variety X not isomorphic to Pn. Then KX + (n+ k)D is k-jet ample for all k ∈ Z≥0.
5. Higher concavity of piecewise linear functions
In this section, we introduce a notion of higher concavity for piecewise linear functions on fans in
Definition 5.4 and study its basic properties in Section 5.2. In particular, we relate this higher
concavity to properties of divisors on toric varieties in Proposition 5.9.
5.1. Review: Multiplicities of cones. Recall that if σ is a cone and v1, . . . , vk are the first lattice
points along its rays, the multiplicity of σ, denoted by mult(σ) or mult(v1, . . . , vk), is defined to be
the index of the lattice generated by the vi in the lattice associated to σ:
mult(σ) = mult(v1, . . . , vk) := [Nσ : Zv1 + · · ·+ Zvk].
Using multiplicities we can write the following relation between the primitive generators of the rays
of a top dimensional simplicial cone and the primitive generators of the rays of its dual.
Lemma 5.1. Let v1, . . . , vn ∈ Z
n be primitive vectors that are linearly independent and let w1, . . . ,
wn ∈ Z
n be the primitive generators of the rays of Cone(v1, . . . , vn)
∨, labeled such that 〈wi, vj〉 = 0
for i 6= j. Then, for each 1 ≤ i ≤ n,
〈vi, wi〉 =
mult(v1, . . . , vn)
mult(v1, . . . , v̂i, . . . , vn)
.
Proof. By symmetry, it is enough to prove the formula in the case i = 1. Let v′2, . . . , v
′
n ∈ Z
n be a Z-
basis of the lattice 〈v2, . . . , vn〉R∩Z
n. Let v′1 ∈ Z
n be such that v′1, . . . , v
′
n is a Z-basis of Z
n. Notice
that mult(v′1, v2, . . . , vn) = mult(v2, . . . , vn). Since w1 is primitive, there exits a vector u ∈ Z
n such
that 〈w1, u〉 = 1. Since u = a1v
′
1 + · · · + anv
′
n for some ai ∈ Z, we have 1 = 〈w1, u〉 = a1〈w1, v
′
1〉,
and then |〈w1, v
′
1〉| = 1. We know that v1 = c1v
′
1 + c2v2 + · · · + cnvn for some ci ∈ Q. Hence
〈w1, v1〉 = c1〈w1, v
′
1〉. Let m be a positive integer, divisible enough such that mci ∈ Z for all i.
Then we have
mult(v1, . . . , vn) =
1
m
mult(mv1, v2, . . . , vn) =
1
m
mult(mc1v
′
1 +mc2v2 + · · · +mcnvn, v2, . . . , vn)
=
1
m
mult(mc1v
′
1, v2, . . . , vn) =
|mc1|
m
mult(v′1, v2, . . . , vn)
= |c1|mult(v
′
1, v2, . . . , vn).
Therefore,
〈w1, v1〉 = 〈w1, v
′
1〉c1 = |〈w1, v
′
1〉||c1| = |〈w1, v
′
1〉|
mult(v1, . . . , vn)
mult(v′1, v2, . . . , vn)
=
mult(v1, . . . , vn)
mult(v2, . . . , vn)
. 
Using multiplicities we can write a simple expression for the class of a given element of a lattice on
the quotient of the lattice by the sublattice associated to a codimension-one cone.
Lemma 5.2. Let τ be a codimension-one cone in NR and let v0 ∈ N rNτ . If s0 · e ∈ Z · e ∼= N/Nτ
is the class of the image of v0, where the generator e is chosen such that s0 ∈ Z
+, then
s0 =
mult(τ, v0)
mult(τ)
.
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Proof. Let v1, . . . , vr be the primitive generators of the rays of τ and let v
′
0 ∈ N be a lifting of e.
We know that v0 = s0v
′
0 + c1v1 + c2v2 + · · ·+ crvr for some not necessarily unique ci ∈ Q. Choose
m ∈ Z+ sufficiently divisible such that mci ∈ Z for all i. Then we have
mult(τ, v0) = mult(v0, v1, . . . , vr) =
1
m
mult(mv0, v1, v2, . . . , vr)
=
1
m
mult(ms0v
′
0, v1, . . . , vr) =
ms0
m
mult(v′0, v1, . . . , vr)
= s0 ·mult(v1, . . . , vr) = s0 ·mult(τ). 
We can also use multiplicities to evaluate some intersection numbers on toric varieties. Related
statements can be found in [Lat96, Section 1.6] and [Pay06, Lemma 2].
Lemma 5.3. Let D be a Cartier T -divisor on a complete toric variety X. For each maximal cone
σ ∈ ∆, let uσ ∈ MZ be the lattice point such that ψD(v) = 〈uσ, v〉, for any v ∈ σ. Let σ1 and σ2
be any maximal cones sharing a facet τ . Then for any primitive generator v0 of a ray of σ2 not in
σ1, we have the intersection number
D · V (τ) = 〈uσ1 − uσ2 , v0〉 ·
mult(τ)
mult(τ, v0)
.
Proof. Let D˜ be the divisor D + div(χuσ1 ), which is linearly equivalent to D. One can check that
ψD˜ = ψD − uσ1 . Since D˜ is a trivial divisor on Uσ1 . Then D˜ intersects V (τ) only at the closed
point xσ2 . By [Ful93, Section 5.1], we compute the intersection number as
D · V (τ) = D˜ · V (τ) =
a0
s0
,
where a0 = −ψD˜(v0) = 〈uσ1 − uσ2 , v0〉 and s0 is as in Lemma 5.2. By Lemma 5.2, s0 =
mult(τ,v0)
mult(τ)
and the conclusion follows. 
5.2. Higher concavity of piecewise linear functions. We will now introduce the notion of
k-concavity for piecewise linear functions on fans. This definition of k-concavity is a weighted
variation of the notion of k-convexity introduced by Di Rocco in [DR99] to study jet ampleness on
smooth toric varieties.
Definition 5.4 (k-concavity). Let ∆ be a fan on NR with convex full-dimensional support and let
ψ : Supp(∆) → R be a function that is linear on each cone. For each maximal cone σ ∈ ∆, let
uσ ∈MR be such that ψ(v) = 〈uσ, v〉, for each v ∈ σ. Given k ∈ Z≥0, we will say that the function
ψ is k-concave if given any two maximal cones σ1 and σ2 sharing a facet τ , and each primitive
generator v0 of a ray of σ2 not in σ1, we have
〈uσ1 , v0〉 ≥ ψ(v0) + k · s0, (6)
where if e denotes the generator of the one-dimensional lattice N/Nτ such that the image of v0 in
N/Nτ is a positive multiple of e, then s0 is the integer such that v0 maps to s0 · e in N/Nτ .
Remark 5.5. (a) The inequality (6) in Definition 5.4 can alternatively be presented as
〈uσ1 , v0〉 ≥ ψ(v0) + k ·
mult(τ, v0)
mult(τ)
.
since s0 = mult(τ, v0)/mult(τ) by Lemma 5.2.
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(b) In the setting of Definition 5.4, for fixed σ1, σ2 and τ , the inequalities in (6) hold for each v0 if
and only if they hold for a single v0, since the quantity
1
s0
[〈uσ1 , v0〉 − ψ(v0)] =
1
s0
〈uσ1 − uσ2 , v0〉 = 〈uσ1 − uσ2 , e〉
is constant as v0 ranges over the primitive generators of the rays of σ2 not in σ1.
Remark 5.6. The following properties of k-concavity follow at once from the definition.
- If ψ is k-concave for some k ∈ Z≥0, then ψ is k
′-concave for all integers 0 ≤ k′ ≤ k.
- If ψ1 and ψ2 are respectively k1-concave and k2-concave for some k1, k2 ∈ Z≥0, then ψ1 + ψ2 is
(k1 + k2)-concave.
- If ψ is k-concave for some k ∈ Z≥0 and m ∈ Z
+, then mψ is (mk)-concave.
The following lemma shows that for the piecewise linear function ψD associated to an ample T -
divisor D on a smooth projective toric variety, our notion of k-concavity in Definition 5.4 agrees
with that of k-convexity introduced in [DR99, Definition 3.2].
Lemma 5.7. Let ∆ be a smooth projective fan on NR and let ψD : Supp(∆)→ R be the piecewise
linear function associated to an ample T -divisor D on X(∆). For each maximal cone σ ∈ ∆, let
uσ ∈MR be such that ψD(v) = 〈uσ, v〉, for each v ∈ σ. Then, the function ψD is k-concave if and
only if for any maximal cone σ ∈ ∆ and every v0 ∈ N such that v0 /∈ σ, one has
〈uσ, v0〉 ≥ ψD(v0) + k. (7)
Proof. The multiplicities of all cones in a smooth fan are equal to one. Then clearly, ψD is k-concave
if and only if for any two maximal cones σ1 and σ2 sharing a facet τ , and every v0 ∈ N ∩ σ2 such
that v0 /∈ σ1, one has 〈uσ1 , v0〉 ≥ ψD(v0) + k. Then, if ψD satisfies the inequalities in (7) it is
k-concave. Reciprocally, suppose that the function ψD is k-concave. Let σ1 be a maximal cone in
∆ and let v0 in N such that v0 /∈ σ1. Let σ2 be a maximal cone in ∆ such that v0 ∈ σ2. Since D
is ample, as σ ranges over the maximal cones in ∆, the points uσ are all distinct and they are the
vertices of the polytope PD. Let σ
′
1, . . . , σ
′
n be the maximal cones in ∆ that share a facet with σ2.
Since ψD is k-concave, we have that 〈uσ′i , v0〉 ≥ ψD(v0) + k = 〈uσ2 , v0〉+ k, for each i. The points
uσ′
1
, . . . , uσ′n are precisely the vertices of the polytope PD that share an edge with uσ2 , and they are
all contained in the half-space {u ∈ MR | 〈u, v0〉 ≥ 〈uσ2 , v0〉 + k}. Then all vertices of PD except
possibly uσ2 are in this half-space. Therefore, 〈uσ1 , v0〉 ≥ 〈uσ2 , v0〉+ k = ψD(v0) + k. 
The following lemma shows that k-concavity is a strengthening of the notion of concavity.
Lemma 5.8. Let ∆ be a fan on NR whose support is convex and full-dimensional and let ψ :
Supp(∆)→ R be a function that is linear on each cone. Then, ψ is 0-concave if and only if ψ is a
concave function. In particular, if ψ is k-concave for any k ∈ Z≥0, then it is concave.
Proof. For each maximal cone σ ∈ ∆, let uσ ∈MR be such that ψ(v) = 〈uσ, v〉, for each v ∈ σ.
Assume that ψ is 0-concave. We want to show that the function Φ : Supp(∆)×Supp(∆)×[0, 1] −→ R
defined by Φ(x, y, t) = ψ(tx + (1 − t)y) − tψ(x) − (1 − t)ψ(y) only takes values greater than or
equal to zero. Let W be the subset of Supp(∆) × Supp(∆) consisting of the pairs (x, y) such
that the line segment joining x and y intersects the interior of each cone that it intersects, but it
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does not intersect any cone in ∆ of codimension at least two. By looking at the dimension of its
complement, we see that W is dense in Supp(∆) × Supp(∆). Since Φ is continuous, it is enough
to show that Φ|W×[0,1] only takes values greater than or equal to zero. We prove this by induction
on the number r of cones whose interior is intersected by the line segment joining the points x and
y of a given triple (x, y, t) in W × [0, 1]. The claim holds for r = 1 since ψ is linear on each cone.
Let us see the claim also holds for r = 2. For this, it is enough to show the claim for any given
(x, y, t) in W × [0, 1], such that the line segment between x and y is contained in two cones σ1 and
σ2 sharing a common facet τ , such that x ∈ σ1 and y in σ2. By symmetry, we may assume that
tx+ (1− t)y ∈ σ2. Then we have,
ψ(tx+ (1− t)y) = 〈uσ2 , tx+ (1− t)y〉 = t〈uσ2 , x〉+ (1− t)〈uσ2 , y〉
≥ tψ(x) + (1− t)〈uσ2 , y〉 = tψ(x) + (1− t)ψ(y).
For the inductive step, suppose that for some r ≥ 2 we are given (x, y, t) in W × [0, 1], such that
the line segment between x and y intersects the interiors of precisely the maximal cones σ1, . . . , σr,
which are such that each σi and σi+1 share a common facet. After reparameterization of the linear
segment between x and y, the conclusion now follows by induction from the simple fact that if
a < b < c < d are real numbers and f : [a, d] → R is a function that is concave on [a, c] and [b, d],
then it is concave on the whole [a, d].
Reciprocally, let us assume that ψ is concave. Let σ1 and σ2 be two maximal cones sharing a facet
and let v0 be a primitive generator of a ray of σ2 not in σ1. Let v
′
0 be a point in the interior of σ1
and choose a number 0 < t < 1 such that tv0 + (1− t)v
′
0 ∈ σ1. Then we have,
t〈uσ1 , v0〉+ (1− t)〈uσ1 , v
′
0〉 = 〈uσ1 , tv0 + (1 − t)v
′
0〉 = ψ(tv0 + (1− t)v
′
0)
≥ tψ(v0) + (1− t)ψ(v
′
0) = tψ(v0) + (1− t)〈uσ1 , v
′
0〉.
It follows that 〈uσ1 , v0〉 ≥ ψ(v0). Therefore, ψ is 0-concave. 
Now we relate higher concavity to properties of ample divisors on projective toric varieties.
Proposition 5.9. Let D be an ample Cartier T -divisor on a projective toric variety X = X(∆).
For any nonnegative integer k, the following statements are equivalent:
(1) D · C ≥ k for each complete T -invariant curve C in X,
(2) Each edge of the polytope PD has lattice length at least k,
(3) The piecewise linear function ψD is k-concave.
Proof. Since (1), (2) and (3) hold for k = 0, we assume that k ≥ 1. For each maximal cone σ ∈ ∆,
let uσ ∈MR be such that ψD(v) = 〈uσ, v〉, for each v ∈ σ.
We first show that (1) implies (3). Assume that D · C ≥ k for each complete T -invariant curve C
in X. Let σ1 and σ2 be any two maximal cones sharing a facet τ , v0 be a primitive generator of a
ray of σ2 not in σ1, and s0 as before. Lemma 5.3 implies that
〈uσ1 − uσ2 , v0〉 ·
1
s0
= D · V (τ) ≥ k.
Equivalently, 〈uσ1 − uσ2 , v0〉 ≥ k · s0. Note that ψD(v0) = 〈uσ2 , v0〉. This implies that
〈uσ1 , v0〉 ≥ 〈uσ2 , v0〉+ k · s0 = ψ (v0) + k · s0.
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Now we show that (3) implies (1). Let C be a T -invariant curve. Since there is a one to one
correspondence between T -invariant curves and (n−1)-dimensional cones. There exists an (n−1)-
dimensional cone τ such that C = V (τ). Since X is complete, then there are exactly two maximal
cones containing τ . We denote them by σ1 and σ2. The above argument also shows that if ψD is
k-concave, then D · C = D · V (τ) ≥ k.
Now we show that (1) is equivalent to (2). Recall that there is a one to one correspondence between
the maximal cones in ∆ and the vertices of PD. Any pair of maximal cones σ1 and σ2, sharing
a facet τ , corresponds to an edge of PD, which is equal to the line segment uσ1uσ2 . Let γ be the
lattice length of this edge. We show that γ = D · V (τ).
Let v0 ∈ N be the primitive generator of some ray of σ2 not in σ1. Let s0 · e ∈ Z · e ∼= N/Nτ be
the class of the image of v0, where the generator e is chosen such that s0 ∈ Z
+. Let u ∈M be the
primitive vector in the direction uσ1−uσ2 and let v
′
0 ∈ N be a lifting of e. Note that uσ1−uσ2 ∈ τ
⊥.
Since u is primitive, there exists w ∈ N such that 〈u,w〉 = 1. Let a · e be the class of w in N/Nτ .
The images of w−av′0 and v0−s0v
′
0 are zero in N/Nτ . Hence w−av
′
0, v0−s0v
′
0 ∈ Nτ . In particular,
1 = 〈u,w〉 = 〈u, av′0〉 = a〈u, v
′
0〉, and then |〈u, v
′
0〉| = 1. Notice that D ·V (τ) > 0, since D is ample.
Now, using Lemmas 5.2 and 5.3, we have
γ = |〈γu, v′0〉| = |〈uσ1 − uσ2 , v
′
0〉| = |〈uσ1 − uσ2 , v0〉| ·
1
s0
= |〈uσ1 − uσ2 , v0〉| ·
mult(τ)
mult(τ, v0)
= D · V (τ).
This proves that (1) is equivalent to (2). 
References
[BDRS00] Thomas Bauer, Sandra Di Rocco, and Tomasz Szemberg. Generation of jets on k3 surfaces. Journal of
Pure and Applied Algebra, 146(1):17–27, 2000.
[BFS89] Mauro Beltrametti, Peter Francia, and Andrew Sommese. On Reiders method and higher order embed-
dings. Duke Math. J., 58(2):425–439, 04 1989.
[BS90] Mauro Beltrametti and Andrew Sommese. On k-spannedness for projective surfaces. In Andrew Sommese,
Aldo Biancofiore, and Elvira Laura Livorni, editors, Algebraic Geometry, pages 24–51, Berlin, Heidelberg,
1990. Springer Berlin Heidelberg.
[BS91] Mauro Beltrametti and Andrew Sommese. Zero cycles and k-th order embeddings of smooth projective
surfaces. In Problems in the theory of surfaces and their classification, Symposia Math, volume 32, pages
33–48, 1991.
[BS93] Mauro Beltrametti and Andrew Sommese. On k-jet ampleness. In Complex analysis and geometry, pages
355–376. Springer, 1993.
[BS97a] Thomas Bauer and Tomasz Szemberg. Higher order embeddings of abelian varieties. Mathematische
Zeitschrift, 224(3):449–455, 1997.
[BS97b] Thomas Bauer and Tomasz Szemberg. Primitive higher order embeddings of abelian surfaces. Transactions
of the American Mathematical Society, 349(4):1675–1683, 1997.
[BS00] Mauro Beltrametti and Tomasz Szemberg. On higher order embeddings of Calabi-Yau threefolds. Archiv
der Mathematik, 74(3):221–225, Mar 2000.
[CI14] Seshadri Chintapalli and Jaya N. N. Iyer. Embedding theorems on hyperelliptic varieties. Geometriae
Dedicata, 171(1):249–264, Aug 2014.
[DR99] Sandra Di Rocco. Generation of k-jets on toric varieties. Mathematische Zeitschrift, 231(1):169–188, 1999.
20 JOSE´ LUIS GONZA´LEZ AND ZHIXIAN ZHU
[EKL95] Lawrence Ein, Oliver Ku¨chle, and Robert Lazarsfeld. Local positivity of ample line bundles. J. Differential
Geom., 42(2):193–219, 1995.
[EL93] Lawrence Ein and Robert Lazarsfeld. Global generation of pluricanonical and adjoint linear series on
smooth projective threefolds. J. Amer. Math. Soc., 6(4):875–903, 1993.
[EW91] Gu¨nter Ewald and Uwe Wessels. On the ampleness of invertible sheaves in complete projective toric
varieties. Results Math., 19(3-4):275–278, 1991.
[Far16]  Lucja Farnik. On k-jet ampleness of line bundles on hyperelliptic surfaces. Mediterranean Journal of
Mathematics, 13(6):4783–4804, Dec 2016.
[Fuj88] Takao Fujita. Contribution to birational geometry of algebraic varieties: Open problems. In Proceedings of
the 23rd International Symposium, Division of Mathematics, Taniguchi Foundation, Katata, Japan, 1988.
[Fuj03] Osamu Fujino. Notes on toric varieties from Mori theoretic viewpoint. Tohoku Math. J. (2), 55(4):551–564,
2003.
[Ful93] William Fulton. Introduction to toric varieties, volume 131 of Annals of Mathematics Studies. Princeton
University Press, Princeton, NJ, 1993. The William H. Roever Lectures in Geometry.
[Hum12] James Humphreys. Linear algebraic groups, volume 21. Springer Science & Business Media, 2012.
[Kaw97] Yujiro Kawamata. On Fujita’s freeness conjecture for 3-folds and 4-folds. Math. Ann., 308(3):491–505,
1997.
[Lat96] Robert Laterveer. Linear systems on toric varieties. Tohoku Math. J. (2), 48(3):451–458, 1996.
[Pay06] Sam Payne. Fujita’s very ampleness conjecture for singular toric varieties. Tohoku Math. J. (2), 58(3):447–
459, 2006.
[RS04] Slawomir Rams and Tomasz Szemberg. Simultaneous generation of jets on K3 surfaces. Archiv der Math-
ematik, 83(4):353–359, 2004.
[RT11] Michele Rossi and Lea Terracini. Weighted Projective Spaces from the toric point of view with computa-
tional applications. arXiv e-prints, page arXiv:1112.1677, 2011.
[YZ15] Fei Ye and Zhixian Zhu. On Fujita’s freeness conjecture in dimension 5. arXiv e-prints, page
arXiv:1511.09154, 2015.
Department of Mathematics, University of California, Riverside, Riverside, CA 92521
E-mail address: jose.gonzalez@ucr.edu
E-mail address: zhixian.zhu@ucr.edu
